We propose a general method by which the overlap parameter, first proposed by Peres, of a quantum mechanical chaotic system can be determined. We show explicitly how this could be carried out for the deltakicked harmonic oscillator, a system capable of displaying chaos classically. We propose an experimental configuration, within an ion trap, by which a quantum mechanical delta-kicked harmonic oscillator could be realized, and investigated.
In classical mechanics, deterministic chaos is often most simply described as exponential sensitivity to initial conditions, meaning that initially neighbouring classical trajectories diverge extremely rapidly with time. Due to the necessity of preserving the inner product, this kind of divergence between two possible initial states cannot occur quantum mechanically. The question of what then constitutes the quantum mechanical equivalent of chaos immediately arises. An interesting proposal by Peres [1] is to examine the initial state |ψ evolving under two slightly differing (classically chaotic) HamiltoniansĤ 1 andĤ 2 . The overlap
is predicted to behave very differently, depending on whether the initial state is in a stable or chaotic area of phase space. O is thus a measure to distinguish between regular and irregular quantum dynamics. In fact much work on the subject of quantum chaos has been carried out theoretically, but as yet little has been observed experimentally [2] . In this Letter we propose a realizable experimental configuration, with which one can measure O directly. The system proposed is a single ion trapped in a harmonic potential, subject to periodic kicks from a standing wave laser. This is a quantum delta-kicked harmonic oscillator, a system capable classically of stochastic dynamics, including Arnol'd diffusion [3] under certain resonance conditions [4] .
Trapped ions are in many ways an ideal choice of system for the study of fundamental aspects of quantum mechanics. One can take advantage of the possibility of strongly quantum dynamics combined with minimal dissipation, and the possibility of coherent manipulation of the ion's motional state. Trapped ions have been used in recent experimental demonstrations of the generation of non-classical states [5] and Schrödinger cat states [6] , quantum logic gates [7] , and tomography of the density matrix [8] . In addition there have been theoretical proposals for quantum reservoir engineering [9] , general measurement of motional observables [10] , and indeed the investigation of quantum chaos [11] .
In this Letter we will first describe a general procedure for determining values of O at various times. We then describe explicitly a particular system, the deltakicked harmonic oscillator, how it may be implemented within an ion trap, and how to carry out our general procedure for determining O for this particular system. Finally we display some numerical results, showing what one would expect to see when carrying out such an experiment. Markedly different results are indeed observed numerically, dependent on whether the initial condition is in a classically stable or chaotic area of phase space.
We first consider a general Hamiltonian having the formĤ =Ĥ 1 |g 1 g 1 | + H 2 |g 2 g 2 |, where |g 1 and |g 2 are slow-decaying electronic ground states of a single trapped ion. The state of the ion is set initially to be:
Here |α and |β are states of the ion's motion. In the applications described in this Letter, |α and |β are coherent states; |ψ(0) is then a Schrödinger cat state, which has been achieved experimentally for a trapped ion [6] . In principle they can be more general [10, 12] . After a time t, the initial state evolves to |ψ(t) = [|g 1 Û 1 (t)|α + |g 2 Û 2 (t)|β ]/ √ 2, whereÛ 1 (t) andÛ 2 (t) are the time evolution operators derived fromĤ 1 andĤ 2 , respectively. A π/2 pulse is applied (Ramsey type experiment):
The probability for the ion to be in state |g 1 is thus:
Similarly, if we set |ψ(0) = (|g 1 |α + i|g 2 |β )/ √ 2, the corresponding final probability is given by
By determining P g and P
andĤ 2 are slightly differing chaotic Hamiltonians, and |α = |β , then we have
, as defined in Eq. (1). We also note that whereĤ 2 is the simple harmonic oscillator Hamiltonian, this collapses to 2πQ(β), where Q(β) is the Q function for various initial β of the pure stateÛ 1 (t)|α . By repeated measurements one can therefore determine the Q function's evolution in time [13] . Our proposed model system is a harmonic oscillator
periodically perturbed by nonlinearly position-dependent delta-kicks;
so that H = H 0 + H k . Here x is the position, p the momentum, m the mass, ν the oscillator frequency, k = 2π/λ the wavenumber, t = time, τ the time delay between the kicks, and K the kick strength. Under the resonance condition ντ = 2πr/q (r/q is a positive rational, where q > 2), classically there are thin channels of chaotic dynamics in the phase space [4] . The resulting Arnol'd stochastic web (see Fig. 1a) )spreads through all of phase space; Arnol'd diffusion [3] can occur in systems of less than two dimensions when the conditions for the KAM (Kolmogorov, Arnol'd, Moser) theorem [14] are not fulfilled, as is the case here [4] . The corresponding quantum mechanical system has also been studied theoretically [15] (see Fig's 1b) ,1c),1d) for the time averaged Q function of this system).
To construct such a system quantum mechanically, which can also be used to carry out the procedure described in Eq's (3,4,5), we begin with a single ion in a harmonic potential (e.g. a linear ion trap), and a time dependent standing wave laser configuration. The ion has two ground states and two excited states, and the laser is elliptically polarized (see Fig. 2a) ). The σ + and σ − polarized contributions thus separately couple two different two level systems, with different Rabi frequencies:
where ω 0 is the transition frequency between the electronic states |e j and |g j , ω L is the laser frequency, and Ω 1,2 (t) are the (time dependent) Rabi frequencies. In a rotating frame (Û = e (|ej ej |−|gj gj |) ), and in the limit of large detuning |∆| = |ω L − ω 0 | ≫ |Ω 1,2 (t)|, |e 1 and |e 2 can be adiabatically eliminated to give:
The laser is rapidly and periodically switched, giving a series of short Gaussian pulses:
which approximate a series of delta kicks in the limit σ → 0. Thus, finally, we have:
which corresponds almost exactly to Eq's (6,7), for two different
. There are extra |g j g j | terms, but these will only contribute phases to the evolution of the initial state of Eq. (2), and can easily be accounted for. In the case we concentrate on, r/q = 1/6, ντ is of order one. Thus if ν is of order MHz, τ is of order µs. Laser pulse widths of ns order are achievable, and should be a good approximation to a delta kick.
The initial state of Eq. (2) thus evolves as
where the Floquet time evolution operatorsF j are given by:
whereâ † andâ respectively create and annihilate a single phonon quantum, and the phase term e −iντ /2 has been dropped. The κ j = Ω 2 j η 2 σ √ 2π/8∆ are dimensionless kick parameters, which, with ντ , determine fully the phase space behaviour of the classical delta-kicked harmonic oscillator [4] . Quantum mechanically, there is additionally the Lamb-Dicke parameter η = k h/2mν, which functions something like an effectiveh. As η 2 ∝h, by progressively reducing η, one can explore the transition from quantum to classical chaos. This can be accomplished by "tightening" or "loosening" the trapping potential, i.e. increasing or decreasing the trapping frequency ν.
After n kicks, we perform a π/2 pulse between the levels |g 1 and |g 2 , by e.g. a Raman transition or a magnetic field (see Fig. 2b) ). By fluorescence, using an auxiliary level |f , with repeated measurements one can determine P g and P ′ g (see Fig. 2c) ), as defined in Eq's (4,5).
where δκ = κ 2 − κ 1 . From Eq. (14) one can easily extract the overlap O = | α|F †n 2F n 1 |α | 2 . When determining a quantum mechanical initial condition equivalent to the classical x(0) and p(0), we use a coherent state |α , where α can be expressed as α = [kx(0) + kp(0)/mν]/4η. Thus we can see that when η is small, α is large, and |α is therefore more macroscopic, in some sense more classical. This can be seen by comparing Fig. 1c) with Fig. 1d) ; for η = 0.5 population "tunnels" through a classically forbidden area, which does not occur when η = 0.25. Fig. 3 shows the values of P g and P ′ g that one would measure for this scheme, and the value of O that one would thus obtain, for η = 0.5 after 0-1000 kicks. The plots obtained are clearly different, depending on whether the initial condition is classically unstable, as in Fig's 3a) ,3b) where the corresponding classical initial condition is a hyperbolic fixed point, or stable (Fig's 3c) ,3d), elliptic fixed point). This is already noticeable in the plots of P g and P ′ g , before O is extracted (Fig's 3a),3c) ). In line with previous numerical work for the kicked top [1] , O decays for an unstable initial condition, and undergoes quasistable oscillations for a stable initial condition. Fig. 4 shows the same for η = 0.25. In line with the fact that this is more in the semiclassical regime than Fig. 3 , the decay (Fig's 4a),4b ) is more rapid, and the oscillations (Fig's 4c),4d) ) are more stable. The slow decay of the quasistable oscillations when η = 0.5 (Fig. 3d) ) can be traced back to the tunneling that takes place in this regime (see Fig. 1 ), absent when η = 0.25. Numerically the procedure is carried out in a truncated Fock basis of 400 states when η = 0.5, or 800 when η = 0.25. Increasing the size of the Fock basis does not qualitatively change the observed dynamics.
In conclusion we have shown a general procedure for determining the overlap parameter O originally proposed by Peres [1] . We have described explicitly how O could be determined for the delta-kicked harmonic oscillator, a classically chaotic system. We have described how a single ion trapped in a harmonic potential could be a practical experimental realization of the delta-kicked harmonic oscillator, and how our scheme for determining O is realized in this configuration. In particular, our scheme presents a direct way for determining O, by virtue of the fact that we effectively have two Hamiltonians running in parallel, within the same experimental system. 
Figure 2: Atomic level configuration proposed for our procedure. a) The atom first experiences a series of short laser pulses from an elliptically polarized standing wave. Levels |g 1 and |e 1 are coupled by σ + polarized light, and levels |g 2 and |e by σ − polarized light, where the corresponding intensities differ. b) After a definite number of kicks, the levels |g 1 and |g 2 experience a π/2 pulse (e.g. a Raman transition, using the auxiliary level |r ). c) The population of |g 1 is determined by fluorescence, using the auxiliary level |f . 
